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Abstract. BCK-algebras are algebraic structures in universal algebra such that are based on logical axioms 
and have some applications. This paper introduces the concept of super hyper BCK-algebras as a generalization 


of BCK-algebras and investigates some properties of this novel concept. 


Keywords: BCK-algebra, hyper BCK-algebra, super hyper BCK-algebra, generalized operation. 


1. Introduction 


Smarandache introduced a new concept in neutrosophy branches as neutro-algebra as a 
generalization of partial algebra. A neutro algebra is an algebra which has at least one neutro- 
operation (an operation that is partially well-defined, partially indeterminate, and partially 
outer-defined) or one neutro-axiom (axiom that is true for some elements, indeterminate for 
other elements, and false for the other elements). A partial algebra is an algebra that has at 
least one partial operation, and all its axioms are classical (i.e. axioms true for all elements). 
Through a theorem he proved that Neutro-algebra is a generalization of partial algebra, and 
he gave examples of neutro-algebras that are not partial algebras. He also introduced the 
neutro-function (and neutro-operation). Recently, Smarandache, introduced a new concept 
as a generalization of hypergraphs to n-super hypergraph, plithogenic n-super hypergraph 
{with super-vertices (that are groups of vertices) and hyper-edges {defined on power-set of 
power-set...} that is the most general form of graph as today}, and n-ary hyperalgebra, n-ary 
neutro hyperalgebra, n-ary anti hyperalgebra respectively, which have several properties and 
are connected with the real world [2,8]. Recently in the scope of neutro logical (hyper) algebra, 
Hamidi, et al. introduced the concept of neutro BC K-subalgebras [4], neutro d-subalgebras [3] 
and single-valued neutro hyper BCK-subalgebras [5] as a generalization of BC K-algebras and 
hyper BC’K-subalgebras, respectively and presented the main results in this regard. Also 
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Smarandache a novel concept as super hyperalgebra with its super hyperoperations and super 
hyperaxioms, then is introduced some concepts such as super hypertopology and especially 
the super hyperfunction and neutrosophic super hyperfunction [10,11]. 

Regarding these points, we try to develop the notation of BC’K-algebras to the concept of 
super hyper BCK-algebras and so we want to seek the connection between BC’ K-algebras and 


super hyper BCK-algebras. 


2. Preliminaries 


In this section, we recall some concepts that need to our work. 


Definition 2.1. [6] Let X #4. Then a universal algebra (X,V,0) of type (2,0) is called a 
BCK-algebra, if V x,y,z © X: 
(BCI-1) ((a¥ y)0 (ad z))0 (zd y) = 0, 
(BCI-2) (xv (xd y))0 y = 0, 
(BCI-3) «0 x =0, 
(BCI-4) «0 y = 0 and yO x = 0 imply x= y, 
(BCK-5) 09  =0, 
where U(x, y) is denoted by xv y. 


Definition 2.2. [1,7] Let X 4@ and P*(X)={Y |0#Y CX}. Then foramap @ :X? > 
P*(X) a hyperalgebraic system (X, 0,0) is called a hyper BC K-algebra, if V x,y,z € X : 
(H1) (woz)o(yoz)<xoy, 

(H2) (t@ oy) 0z=(@ 02) oY, 

(H3) cr 0X <a, 

(H4)x<yandy<vz imply r=y, 

where x < y is defined by0OE€roy,VWiZCX,WK Ze VaecewsbeZzsta<sd, 


(W eZ)= U (a g b) and e(az, y) is denoted by zo y. 
ac€W,beEZ 


We will call X is a weak commutative hyper BC K-algebra if, V x,y € X,(z @ (@ @ y)) A 
(yo (yox)) 40. 


Theorem 2.3. [7] Let (X,0,0) be a hyper BCK-algebra. ThenV x,y,z € X andW,Z CX, 


(t) (0 ¢0)=0,0<2,(0 gx) =0, rE (x @ 0) and(W KO0SW=0), 
(i) eer oy <a and YRS st p2< eOYy), 
(iti) We Z<KW,WKW andWCZSW KZ). 
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Definition 2.4. [10,11] Let X be a nonempty set and 0 € X. Then (X, 07 is called an 


aay) 
(m,n)-super hyperalgebra, where ae :X™ — P?(X) is called an (m,n)-super hyperopera- 
tion, P”?(X) is the n“” powerset of the set X,0 ¢ P?(X), for any A € P”(X), we identify {A} 
with A,m,>2,n>0,X™=XxXx...X and P9(X)=X. 

cli eleiee eae 


m—times 


3. Superhyper BC K-subalgebra 


In this section, we make the concept of superhyper BC’K-subalgebras as an extension of 


BC K-subalgebras and seek some of their properties. 


Proposition 3.1. Let (X,0,0) be a BCK-algebra. Then for all x,y,z € X, 


( 
(i) V(O(x, y), O(a, z)) = V(O(0(@, y), O(@, z)), 0). 
(ii) VO), O(@, y)) = W(OV(@), O(a, y)), 0). 


Proof. Since for all « € X,0(x,0) = 2, results are clear. 


By Proposition 3.1, we define the concept of (m,n)-super hyper BCK-subalgebras. 


Definition 3.2. Let X be a nonempty set and 0 € X anda= 0,0,...0 . Then (X50, ni)? 
——— , 


is called an (m,n)-super hyper BCK-subalgebra, if 


(2) 0 € Lm n) ( Clan) 
* de ad 1 * La, m * m »~m—-1 1 
(Olan) (15 TQ, ++ +5 taal; ne > mn) (P13 Uy y+: pee), Qa, OC mnn) (Cams Um seers Be) 
(94) 0.6 0G (OF cas (tts 050,200 0G, ay (P1y Passer); O05 0) Pin) 
(m—2)—times (m—1)—times 


(ii) 0 € Of, ny) (@,%,---, 2), 
(iv) if 0 € (m,n) (Ei tois coer) and 0 «€ Ofc oar nee emer then x; = x;, where 
it+j=m4l, 
(v) 0€ OF, a) (0; Ofek 9) 
Example 3.3. (7) Let (X, Cea be a (m,n)-super hyper BCK-subalgebra. Then (X, 5 9)) 
is a BCK-subalgebra. 
(iz) Let (X, Gn ny) be a (m,n)-super hyper BCK-subalgebra. Then (X, %5 1) is a hyper 
BCkK-subalgebra. 
Example 3.4. Let X = {0,a}. 
(i) Then (X,o0*) is a (3,3)-super hyper BCK-subalgebra as follows: 
P200,2,21) stax 
(3 3)(2,¥,z) = { P3({0,z})  ife=y=0, 
P3({a}) ow 
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where 


P,({a}) = P2({a}) = Pe({a}) = {a}, P.({0, a}) = {0, a, {0, a}}, 
P2({0,a}) = {0,a, {0, a}, {0, (0, a}}, {a, (0, a}}}, 
P2({0, a}) = {0,a, {0, a}, {0, (0, a}}, fa, {0, a}}, {0, {0, {0, a}}, {0, {a, (0, a}}, fa, {0, (0, a}}, 
{a, {a, {0, a}}, {{0, a}, {0, {0, a}}}, {{0, a}, {a, (0, a}}, {{0, {0, a}}, fa, {0, a} }}}. 
(i) By definition, 
of 3) ( °/3.3) (073.3) (@, 4 2); (3, 3)(2, 9's 2"), (3 3) (2, 9" 2”), 0, O73, 3) (2, 2", 2)) C {0,a}. (iz) It 
is similar to item (¢). 
(iii) By definition, 9(3,3) (4, a,a) ={0,e}. 
(iv) By definition, if 0 € 2/3, 3) (x,y,z) and0€ 9(3,3) (2, Ys ®)s then x = z and so (a, y,z) = 
(z,y, 2). 
(v) By definition, 2/33) (0, 0ya)=40sah: 
(i7) Then (X,0*) is a (3,0)-super hyper BCK-subalgebra as follows: 
0 if*t=y=z 


2(3,1) (2, Ys 2) = ) 
«L O.W 


Theorem 3.5. Let (X, or dy) be an (m,n)-super hyper BCK-subalgebra. Then for any k > n, 


(X, Cm si) is an (m,k)-super hyper BCK-subalgebra. 


Proof. Let (X,0%.) be an (m,n)-super hyper BCK-subalgebra and k > n. Since P?(X) C 


(m,n) 
P(X), for any £1,22,...,2m € X, mn) (P15 22, xi) him) CS OCm,k) (E1s £25 ...;2m). Thus 0 € 
© ie) (%1,22,..-,;%m) implies that 0 € Olm,k) (L1s X2,-.-,Lm) and all axioms are valid. 


Example 3.6. Let X = {0,a}. Then for any n > 3, by Theorem 3.5, (X,0*) is a (3, n)-super 
hyper BCK-subalgebra as follows: 
PHi{0,352}) abe 
0(3,3)(2, 4, 2) = 4 PP({0, z}) ie Sy = 05 


Pr({a}) o.w 
Let m be an even and (Xm n)) be an (m,n)-super hyper BCK-subalgebra. For any 
given 11,%2,...,%m © X, define (21, %2,...,0m) < (Gm41,Um49,---,Lm) if and only if 0 € 
Faia) (aes goles Je 
Theorem 3.7. Let m be an even and #1,%2,...,%m € X. Then (Xn n)) is an (m,n)-super 
hyper BC'K-subalgebra if and only if 
a) © rai (Onn) (xt, 5, opens a) oe oe (xi, xp", eo) 08 ))) S ne aie all ae ect ee) 
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(82) OF ys (Ere OO pee O OG ary Pr Pass ss Sin) SO pagy(0)0; 1.0427.) 
(iu O\ —tamiba G2 aes 
C04 Cate aoe a og eat 
()—times (2)—times 

(iv) if (x1, @2,...,0m) a (Tm41,0m42,---,Lm) and 

(Gm41,Um40,.--,Lm) < (1, 22,...,0m), then xj = 25, where |t — j| = 2, 
(oe) (070,230) (cm41,0m40, seie ge Js 

(™)—times 
(vt) Gas, .-+,@m) < (@m41,0m49,...,Lm) Uf and only if 0 € lm n) (©1 ©2 Seay Diy Ne 


Proof. Immediate by definition. 


Theorem 3.8. Let m be an even and (X, Olas ay) be an (m,n)-super hyper BCK-subalgebra and 
EL, TQ, +++ LM, YL, Y2, +++, YM, 21, 22,-.-, om EX. If0E OCmjn) (P11 B25 +++ 5M Y1,Y2s--- ym), 
then 0 € 


* ok * 
Oat Soar (21; 22,-++ 42M, Y1, Ya, ++, ym), 0,0,...0 Crm m) (21 225 +++) 2, £1, £9,-..,0m)). 


(m—2)—times 


Proof. Let D1, TQ, 666 VM Y1, Ys ooo YMy 21, 2,000 Sm € X. Clearly, 


(mn) (° (m,n) (219 225 voy 2M YL, YO, 0+ ym), 0,0,...0 + myn) (219 225 ve+, 2m, @1, 02)... ,m))) 
(m—2)—times 
< (mn) (21, £25 rag Em, Y1;, Y2; see ym). 
Since 0 € Cran) (L1s 2s vee DM, YI, Yo, ym), we get that 


O€ OF ayn) (foram) (219 22s «+8 y Zs Ys YO) YR), 0,0,...0 Fyn) (Zs 229 +++ ZH, Y1y Yay + Y)). 


| 


(m—2)—times 


Theorem 3.9. Let m be an even and (X, OH ay) be an (m,n)-super hyper BCK-subalgebra 


AN 1, HQ, +66 LM, YL, Ys +++ YMy Z1y 22, +++ Bm EX. If 

OE fpr) (BL By +26 BM, Yt Ys YM) MN Oy ny (Yt Yas + Ym, 21, 22,-.-, 2m), 
then 0 © OC (G1) 25 +++) DM, 21; 22,+--, 2m). 
Proof. Let U1, L202 VM YL, Y2y oo YM 21, 2D, BM € X. Since 

0 Of ny (1, Layo + 6 BM, Yr, Ys +++ YM) Om) Yds Yoo +++ YM Z1y 22,+++, em), 


by Theorem 3.8, we get that 


Oe Slay (Gna) Cinee ae +) 22, Y1, Y2,- : ym), 0,055.40 » myn) (21) 22, pie +) ©, 1,02, .,um)) 


| 


(m—2)—times 
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and 

O¢€ OC mn) (fm n) (215 £2, vee Dm, 21, 22,452), 0,0,..-0 5 mn) (G1) 2,---,OM, Yr, Yo, +. ,ym)). 
(m—2)—times 

It follows that 0 € mn) (Ls ©25 bee DM, 21, 22,0 , zm). 


Let (X,07_.) be an (m,n)-super hyper BCK-subalgebra and A,B C X. If of (A) N 
ve (m,n) 
Sfm,n)(B) #0, will denote it by A ~ B. 


Theorem 3.10. Let m be an even and (Xm a) be an (m,n)-super hyper BCK-subalgebra 


Nd £1, 02,066, LM, YL, Y2, +++ YM, 21, 22,000, 2m EX. Ifa= 0,...,0 , then 
——’ 
(F —-1)—-times 
* * pe) * * 
Orman) (9 (nayn) (Bs «9B Yrs s+ Ym), Oy 21,05 SM) Oy ny (OG ny (Bry BM, 21,00 SM), ALY,» 
Proof. Let U1, U2, 02+ LM YI, Ys 00 YM ZA, 2,000, ME X. Since 
* * * 
OE Oro age (@1,%2,...,0m, (Of pay) (1s B25 +++ 5B, 21, 22, 7 .,2m)), 21, 22, ¥ .,2m)), we 

get that 

* * 

rary came) (1, 02,.-.,8™,Y1,y2,.-., ym), 0,0,...0 si; 40448 5,2m)) 


(m—2)—times 
SOG n) | Gan) (v1, 02,..., 0m, 21, 22,...,2m), 0,0,...0 :Y1sY2s-+-,ym)) 


(m—2)—times 
and in similar to 


Of mn) ( m,n) (@1,02,...,0m,21,22,...,2m), 0,0,...0 YL, Y2s-++,Ym)) 


(m—2)—times 


—~* 


* 


S ao Coen (1, 02,.-.,0m,Y1,Y2,-.-,ym), 0,0,...0 21, 22)-+-,%m)). 
(m—2)—times 


It follows that 


* * a * 
(mn) (m,n) (21 fat »EM,Y1,-.-, Ym), O, 21, a , 2m) os (mn) (myn) (1s ++ +s BM, 215 ss »)2m),Q, Yi). 


Corollary 3.11. Let m be an even and (X, mn ws) be an (m,n)-super hyper BCK-subalgebra 
and U1, U2, LM YL, YD, oo YM ZA, 2,000, BM E xX. If 


) (mn) (Cnn) (1-09 FB, Y1y + Ym), Oe. 0 Sei cet) 


then 
Ox ©fmn,n) (mn) (£15 110m, 2,00. zm), 0,...0 Yr ym). 


(F —1)—-times 
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Example 3.12. Consider the (3,3)-super hyper BCK-subalgebra in Example 3.4. Clearly 
213.3) (°%3,3) (0,a,0),0,a) = 213.3) (P?({0}), 0,a) = 213.3) (0,0,a) = P2({0, a}) 
= 2(3,3) (a,0,a) = 0/3 3) (Pe ({a}), 0,a) = 2(3,3) (0(3,3) (0, a, a), 0, a). 
Thus 2/3 3) (0/3 3) (0, a, 0), 0, a) = 0/3 3) (0/3, 3) (0, a, a),0,a), while m is an odd. It follows that 


the converse of Theorem 3.10, is not necessarily true. 


Theorem 3.13. Let m be an even and (X; nn) be an (m,n)-super hyper BCK-subalgebra 
and £1, %2,.--,Lm,Y1,Y25---,Ym EX. Ifa= 0,...,0 , then 
—— 


(mn) ( 0;--+0 Yds YM) © Om) Om) (E1s + EB Ys. Ye), OD ,Z1,...,0m). 
(})-times (3 —-1)-times 

(myn) (mn) (L1) +++) Em, L1,..., 0m), 0,...0 Y1y-- ym) % Omn)( 0,-.+40 Yly++ Ym). 
(3 -1)-times (})-times 


Proof. (2), (tt), (#7) Let T1,0Q,..., 0M, Y1, Y2,---, YM, 21, 22,...,2m E€ X. Using Corollary 
3.11, we get that 


0 Of nn) (mn) (P15 BB, Y1---,ym), 0,...0 ,21,...,0m) 


and 


In addition, by definition we get that 0 = Cm ‘ay 0,...0 Yrs ym), hence the proof is 
8 \ A 


completed. 


Corollary 3.14. Let m be an even and (X, Ca) be an (m,n)-super hyper BCK-subalgebra 


and £1, %2,---,L%m—1; Y15 Y25+++,Ym—-1 © X.Then 
(i) 


Frias) (Crna) (OL tee » UR, LI, tee ,Em), Yi, tee SU) ~ mn) (mn) (21s tae ERY) see ym), 21, tee Petia: 
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(i#) 


OCmn) (Os Ys +++ 1 Ym—1) © nn) (OGmn) (1-9 B, Ys +++, Ym), L1,.++5Lm—1). 


(mn) (m,n) (Z1) vey EM D100, rm), Yt, Lois Ua (mn) 0; Y15 er) San By 


Theorem 3.15. Let m be an even and (X, nn) be an (m,n)-super hyper BCK-subalgebra 


ANE Ty Mins eee kd NEN (Bis cs oe Cnn) (ELs eh ea 

Proof. Let 11, 22,...,%m € X. Then 0 & m,n) (1s 22; dare »Lm—1s mn) (1) £25 fait ON) 
Moreover by Theorem 3.13, we have 0 = Cray? oa (Pit negt tO Piyinoy eas Pee 
we conclude that (21,...,%m-—1) © Cran) (213 aii Wot 


4. Conclusion 


The concept of super hyper BCK-algebras as a generalization of BCK-algebras is introduced 
in this paper such that for special cases, we can obtain the concepts of BCK-algebras and 
hyper BCK-algebras. We wish this research is important for the next studies in logical super 
hyperalgebras. In our future studies, we hope to obtain more results regarding single-valued 
neutrosophic super(hyper)BC K-subalgebras and their applications in handing information 
regarding various aspects of uncertainty, non-classical mathematics (fuzzy mathematics or 
great extension and development of classical mathematics) that are considered to be a more 
powerful technique than classical mathematics. 
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